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Abstract

In Chui and Wang [3], support properties are derived for a scaling function generating
a function space Vo C L%(IR). Motivated by this work, we consider support properties
for scaling vectors. In [9], Goodman and Lee derive necessary and sufficient conditions
for the scaling vector {¢y,...,¢.}, r > 1, to form a Riesz basis for Vy and develop
a general theory for spline wavelets of multiplicity » > 1. We consider conditions
under which linear combinations of scaling functions generate V. These conditions
also characterize all other scaling vectors that generate the same Vj. In addition we
describe the scaling vectors of minimal support for V4.

Next, we give sufficient conditions on the two-scale symbol for scaling vectors under
which a given matrix refinement equation can be solved. A spline-wavelet example
illustrates these results.

For the single scaling function ¢, the support of ¢ is characterized by the degree of
the two-scale symbol. The situation is more complicated in the scaling vector case.
We prove a result that gives the support of the scaling vector under certain conditions
on the coefficient matrices. This result is illustrated by an example of fractal wavelets
derived in Geronimo, Hardin, and Massopust [8].

AMS(MOS) subject classification: 41A30, 41C15.
Keywords and Phrases: wavelets, scaling vector, matrix refinement equation, two-scale symbol,
multiresolution analysis, Riesz basis, multiplicity.

1 Introduction

In wavelet theory, a scaling function ¢ is a function that along with its integer translates
{&(- — k) }rez forms a Riesz basis for V5 C L*(IR). Recall that the existence of such a basis
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for V4 is one of five requirements that must be satisfied in order for the ladder of closed
subspaces --- C V4 C Vo C V_y -+ to form a multiresolution analysis (see Daubechies [6]). If
such a multiresolution analysis exists then Daubechies [6] proved the existence of a wavelet
¢ that along with its translates and dilates form an orthonormal basis for L*(IR).

Wavelets can be constructed to possess many desirable properties for applications. Perhaps
the three most important properties are orthogonality, regularity, and compact support.
Chui [2] and Chui and Wang [3] investigated support and regularity properties by associating
with a scaling function ¢ its two-scale symbol P,(w) and then imposing certain admissibility
conditions onto Py(w). In a certain sense they have shown that the symbol P,(w) carries all
information necessary to characterize its scaling function ¢.

It is our intent in this paper to investigate the properties given above for a scaling vector.
Scaling vectors were first studied in [8] where the authors assumed that the integer translates
of ¢1,...,¢,, r > 1 formed a Riesz basis for Vj. For completeness we follow Geronimo,
Hardin, and Massopust [8] and define a multiresolution analysis (MRA) for closed subspaces
of {Vi}rez C L*(IR) below:

Let N be an integer greater than 1 and let {¢; : j = 1,...,r} be a given collection of
functions in V5. The ladder of spaces {Vj }rez is said to form a multiresolution analysis of

L*(IR) if and only if
o Nestedness. Vi C Vi, ke ”Z

e Separation. NgezVi = {0}

Density. UV = L*(IR)

feVi < f(N)e Vi

The set B¢ ={¢;(-=0):5=1,...r,l € Z} is a Riesz basis for V4.

In [11], the authors proved that the separation and the density properties hold if the refinable
functions ¢;, j = 1,...,r are in L*(IR). Necessary and sufficient conditions for B¢ to form
a Riesz basis can be found in [8, 9, 14]. In [9] the authors placed special emphasis on the
case where each ¢; belongs to a certain spline space.

We recall that Theorem 3.2 in [§] states that B¢ is a Riesz basis for Vg if and only if the
r X r matrix

Eg(w) = _fj d(w + 27k) ™ (w + 27k) (1)

is nonsingular. Here
b1
b2
6=|"
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and

() = [ e (a)da

denotes the Fourier transform of the vector ¢.

At this time let us introduce some more notation and conventions.

We will make use of the following N-scale symbol in the sequel.

1 k
P¢(w) = Pw) = N;Ckz

where z = e=/N and the r x r matrices Cj, satisfy the matriz refinement equation:

b(x) = Zk: Crp(Nw — k). (2)

The Fourier transform formulation of (2) corresponds to the equation:

. WA W

Bl) = PN )
As evidenced by the work in [8, 9, 14] and possibly elsewhere, scaling vectors allow for more
flexibility when attempting to construct functions that are orthogonal, compactly supported
and of some desired regularity. Another advantage of scaling vectors is that they allow for
a broader choice of V5. For example, using two scaling functions, Goodman and Lee [9]
have constructed wavelets whose multiresolution analysis is built from spaces of C'' cubic
splines. These spaces are quite popular in many applications. One disadvantage of the
scaling vector approach is the larger number of computations that will be performed in
applications. Perhaps the greatest difficulty in working with scaling vectors is the fact that
the well known refinement equation obeyed by a single scaling function becomes a matrix
refinement equation in the scaling vector setting. Note that the coefficients in (2) are matrices
so commutativity in general is not guaranteed. The analysis in the vector case is harder since
one deals with infinite products of matrices rather than scalars.

We will show that it is the action of this matrix symbol P¢ (w) on an eigenvector associated

with the eigenvalue 1 of P¢(O) that determines compactness and length of support properties

for ¢. We will also give a theorem that shows the existence of a solution to the matrix
refinement equation and by means of an example show that these results hold even if the
infinite matrix product [], P¢(2%) does not converge. (After completion of this paper, the

authors learned of work by Heil and Colella [5] dealing with the existence and uniqueness of
distributional solutions to matrix refinement equations. However their approach is different
and their results are distinct.)

The notion of analyzing the effect of applying P¢(w) to an eigenvector u* is a natural one

and we see from the following proposition how it relates to the single scaling function case.

Convention. Throughout the sequel we assume that B¢ C L*(IR) forms a basis for V;.
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Proposition 1.1 Assume that ¢ satisfies (2) and suppose (,25(0) # 0. Then the matriz P(0)
has spectral radius opy = 1. Furthermore, there evists a nonzero vector u such that

1
u” (N ch) =u" (4)
and
wP(2rj)=0, 5=1,...,N — 1. (5)

Proof. Observe from (3) that P(0) has eigenvalue 1. Thus the spectral radius op@) > 1.
Let y* be a left eigenvector of P(0) corresponding to an eigenvalue p such that |p| = op().
As a trivial corollary of [8] Theorem 3.3(a), we have

Z (2mj + w )E¢((27Tj—|-w)/N) (275 4+ w) (6)

Setting w = 0 and multiplying (6) on the left by y* and on the right by y we obtain:

Y Eg(0)y =y P(0)Ey(0)P(0)y + ; Yy P(2m ) Eg(2m 5 [N) P (27 5)y.

Since y*P(0) = py*, we have

(L= o)y Eg(0)y = >y P(2mj) Eg(2mj/N)P* (27 )y. (7)
70

Noting from (1) that E¢ is positive definite, yields
(1= lpl")y"Eg(0)y > 0.
Thus |p| = 1.

To prove the remainder of the proposition, let u* be a left eigenvector of P(0) associated
with the eigenvalue 1. We observe that for w =10

1
w(yre)=v
To prove (5), replace y with w in (7). Then

0=>" u*P(ZWj)E¢(2Wj/N)P*(27Tj)u.
J#0

Since each term must be nonnegative and E¢ is nonsingular, it must be that «*P(27j) = 0.
O

We note that (4) is analogous to the scalar case (see for example [2, 6]).

1
ﬁzk:pk =L



Furthermore, when N = 2, (5) is analogous to the scalar condition (see [2, 6])
1
N (=1)*pr = 0.

Other similarities exist between the single scaling function and the scaling vector. In the
single scaling function case it is known that if ¢; and ¢, are scaling functions for V4 and ¢
is minimally supported then ¢, is a finite linear combination of ¢; and its integer translates.
We will give an analogous result for scaling vectors. In addition we obtain a result related
to the minimality of the support of a scaling vector.

In the scalar case, the number of nonzero terms in the two-scale symbol P¢(w) gives the
length of the support of the associated scaling function ¢. A similar result holds for a
scaling vector, provided that the first and last matrices in the corresponding symbol are not
nilpotent. Examples will illustrate this theorem. One of the examples involves the class of
scaling vectors constructed in [8], i.e., scaling vectors whose components are piecewise fractal
interpolation functions.

The remainder of this paper is organized as follows. In Section 2 we state and prove a result
that relates P¢(w) to the existence of a scaling vector for V5. An example showing that
1 P¢(2%) need not converge is also included. We conclude the next section with a result
that shows how to iteratively construct ¢. In Section 3 we characterize scaling vectors for
Vo. We also report results that relate to the minimality and length of the support of scaling
vectors. Examples are included to illustrate our results.

2 Sufficient Conditions for Solving the Refinement Equa-
tion.

The results in this section are largely motivated by the work of C.K. Chui [2], A. Cohen [4],
and I. Daubechies [6]. In [2], Chui defines an admissible two-scale symbol and consequently
obtains sufficient conditions for the solution of the two-scale relation. He also shows that
under some conditions, solutions of the two-scale relation are in L*(IR) and that the degree
of the two-scale symbol gives the length of the scaling function’s support.

We examine these ideas in the multiple scaling function setting, beginning the section with
a result giving sufficient conditions for the existence of a solution to the matrix refinement
equation. Additional conditions can be imposed to guarantee that such a solution is in
L*(IR). Finally, we address the relationship between the degree of the two scale symbol and
the scaling vector’s support.

Recall that the two-scale symbol P(w) is given by

1
P(w) = N > CzF,

keZ



where z = exp(—iw/N), and assume that u is a right eigenvector of the matrix P(0) asso-
ciated with eigenvalue 1. For ease of notation, we set P, = P(3%), k € Z. Throughout the
sequel, we take N = 2.

Theorem 2.1 [f there exists Cy > 0 and 0 < o <1 such that

||u — Prullp: < Cy (%) for large k, (8)

and if P(0) has spectral radius 1, then

converges pointwise and g(w) satisfies

1) g(w) = P(5)9(5)

2) 9(0) = u.
Furthermore, if g; € L*(R), i = 1,...,r, then there exists ¢ satisfying (2) with ¢; € L*(IR),
1=1,...,rand ¢ = g.

Remark 1. We note that it is sufficient to verify that g; satisfies the following growth
condition

g:)] < Co(1 + )7, for all w, (10)
for some Cy > 0 and n < —% to ensure that ¢g; € L*(IR).

Remark 2. Throughout the sequel, we will drop the parentheses on the product in (9). It
will be understood that we will first compute the n-fold product, next multiply by the vector
u, and finally take the limit as n — oco. Note that we are not requiring the infinite product
of the P, matrices to converge. An example will be provided after the proof of Theorem 2.1
to illustrate that convergence of the infinite product of matrices is not needed.

Proof. We begin with the following identity that can be established by induction. For
M>L>1,

M M -1
u— [ Pow= 3 (IT Po)(u— Pu) (11)
k=L 7=L k=L
We adopt the convention that
L—1
H P.=1
k=L



Since the spectral radius of P(0) is 1 and since Py is pointwise convergent to P(0), we can
find for each w a v < 2 and a sufficiently large L so that

[ Prllre < v <27
for all £ > L. We then use (8) and (11) to obtain

M M j-1 |w| o
o= T1 P = 3 TT IR0 41)
k=L

=L k=L
Cl|w|a M-L 5 )k

2La ,;J (2_&

IA

Letting M — oo, we see from (12) that

lim H Pu

M—)oo

converges for all w. Thus

lim HPku = g(w)

M—)oo

converges for all w.

To prove 1), note that

P(%)g(%) = P( 5 ) lim H Peu — H Peu + P H Peu

M—)oo

= (hm HPku—HPku)—I-HPku

M—oo

Now let n — oo on the right hand side to obtain
w ..
P(E) -0+ nlggo kl;[l Pru = g(w).
Recalling that v = P(0)u and evaluating (9) at w = 0 yields

9(0) = u.

To complete the proof, note that if each component g; of ¢ is in L*(IR) then by the isometry
of the Fourier transform, we know there exists ¢, € L*(IR) such ¢ = g. O

We now consider an example that illustrates that the matrix
k=1

need not converge in order to establish the existence of g(w).
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Example 2.2 Let

Plw) = (1;Z)M[ L _01 ] : (14)

with z = e=“/? and M > 1. Then P., does not exist, g(w) = lim, o [T7-, Pru € L*(IR) and
¢=3g€ CO(R), fora <M —1.

Proof. Note that

=11 ) l b (1 ]

=1
where k, = k,_; + (—=1)""1(4 —5=). Here, 2z, = exp(—iw/2F). Observe that this recursive
expression gives

1yt (1—7) (-1 (1—6082@/2]) +isin(;v/2j))‘

=1

e
i=1

For each w, lim,,_, ., k, exists since the real and imaginary parts both converge.
For |w| > 1, there exists J such that 27 < |w| < 27*L. For n > J + 1 we have

<%

1—2]

[Fon

[sin(w/271)]

VAN I
PN

[sin(e/2)] + 3 Jwl /274

7=J

ECH
Il
—

(= 1) + ol 27
J+1
10g2(|w|) +1

IA A A

For |w| < 1,
[kal < D Isin(w/27F)]

< w2t
7=1

< L.

o= Jim 11 (45 )b

8



and we have

log(1 + |w]) +1
(1 + [wh™

|g2(w)] < sinc™ (w/2) (log,(|w| + 1) + 1) < C

Hence g2 € L*(IR), and there exists ¢, € L*(IR) such that by = ¢o. In fact, ¢ € C@ for
o < M —1 since

[ 191+ fol)d < .

Note that ¢, = H;OZI(H'%)M so ¢y is the cardinal B-spline of order M — 1. O.

Our next result provides insight as to how to construct ¢ iteratively.

Theorem 2.3 Let P(w) satisfy the hypotheses of Theorem 2.1. Suppose there exists f €
L*(IR) such that

fo) =1,
and )
f is continuous at 0.

Define ¢y(w) = f(w)u and assume there exists C' > 0,1 > 1 such that

C

aEamIn .

ﬁ qu%o(;—n)
k=1

for all n, w. Then for all w
lim ¢,(w) = ¢(w) (16)

n—0oo

where the convergence is uniform and

6.(2) = 3 Cud s (20— K. (17)

~~

17) is

Proof. The Fourier transform formulation of

[terating this equation n — 1 times, we have

n n

a.() = T PG = F T P(n (13)
By the continuity of f,
lim ¢, (w) = f(0) I Pru = g(w)
k=1



for each w, and |g(w)| < W for all w. Hence g € L*(IR) N L*(IR) and there exists

¢ € L*(IR) such that ¢ =g.
The inequality (15) guarantees that (,%n € L'Y(IR) for all n, so by the Lebesgue Dominated
Convergence Theorem, we have

lim [, — &l = 0.

n—0oo

Finally,
1

P (2) = @(2)] < gHﬁ%n ~ Pl ae.,

which proves (16). O
We have an immediate corollary concerning the compact support of ¢.

Corollary 2.4 [If ¢, has compact support, then ¢ has compact support.

3 Characterizing Scaling Vectors and their Support.

We motivate the main result of the section with an example given in [9]. There, spline
wavelets of multiplicity r for L?(IR) were constructed. An application of their results with
Vo = S3(Z), the space of all piecewise continuously differientable cubic polynomials with
possible breakpoints at the integers, shows that two B-spline scaling functions Bi(x) :=
B(x[0,0,1,1,2) and By(z) := B(x]0,1,1,2,2) pictured in Figure 3.1 below are needed along

with their integer translates to form a basis for V5. (In defining By and B,, we have displayed
the knot sequence. For more details, please see [1].)

Figure 3.1.
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Clearly, these functions are positive on their support, and for |k; — k2| < 3, Bi(x — k1) and
By(x — kg) are not orthogonal. In applications, it is desirable to construct generators for
S3(Z) that possess more orthogonality. Unfortunately, not all linear combinations of scaling
functions generate a Riesz basis for Vo. (See [7], pps. 177-178).

Suppose B¢ generates a Riesz for V5. We want to characterize those linear combinations of
¢; that also generate a Riesz basis for the same V4. The main result of this section gives
insight as to how we characterize such scaling functions.

To this end, a few basic ideas are needed. Let us define the support of the vector ¢ by

supp (¢) = Uj_supp (¢;) - (19)

Suppose that B¢ is a basis for V5 and ¢ has support length M. Then ¢ is said to have

minimal support if for any other vector g with support length M, B, a basis for Vg, it follows
that M(b S Mg.

Following Goodman and Lee [9], we say a scaling vector ¢ and its integer translates ¢, are
locally linearly independent on a nontrivial interval (a,b) if whenever

> e =0
k

on (a,b) then ¢, = 0 for all k& for which ¢y, is not identically zero on (a,b).

Let S be the set of all compactly scaling vectors that generate the same MRA of L*(IR).
Let Ly (Ry) denote the left (right) endpoint of supp ¢. By using integer translates in Vg, we
may assume that

0§L¢<1

for all @ € S. In the case of a single scaling function, it follows that Ly = 0. (See, for
instance [2], Section 5.2.) However, as we shall see in Example 3.6, L, and R, need not be
integers with r > 1 scaling functions.

Theorem 3.1 Let ¢ have compact support and assume that ¢ satisfies the matrix refinement
equation

N
B(r) = Y. Cdl2e — k), (20)
k=0
where Cx € IR™". Furthermore, suppose that

(i) {p1,....0.} C Vo and its integer translates are locally linearly independent on every
nontrivial interval;

(ii) {v1,...,v,} C Vo and its integer translates are locally linearly independent on every
nontrivial interval;

(ti1) supp(di) = supp(p;) , 1,7 =1,...r, and supp (v;) = supp(v;) , 1,7 =1,...,q.

11



Then
r=gq and v = A¢ for some nonsingular A € IR"™*" (21)

—

1) Vo = sparnd{vj(x —k),j=1,...,q,k € Z}L
2) v satisfies a matriz refinement equation.
3) supp(v) = supp (@)

Proof. (<) Without loss of generality, suppose that supp(v) = supp (@) = [Lg, Rsl,
where

0§L¢<1 and M—1§R¢<M,

for some positive integer M. Since {vy,...v,} C Vj, there exist ¢ x r matrices B; such that
v(z) = Big(x—j). (22)
jez

Let D=ZN{(—oc0,—M —1]U[0,00)} and fixn € D. Forany * € (M +n, M +n+1), we

have
n+M

v(z) = Z B;go(x —j) =0,

j=ntt

since supp(v) = supp(@). The locally linear independence of {¢y,...,o,} and its integer
translates and hypothesis (iii) imply that

B; =0, foryj=n+1,....n+ M.
The definition of D yields B; = 0, for 7 # 0, that is,

v(z) = Boo(x), for all z € IR.

Since the {v;} are locally linearly independent, there is no 1 x ¢ vector y # 0 such that
yv(z) = yBog(x) = 0. Hence, By must be of full rank and ¢ < r. Reversing the roles of
v and ¢ and using a similar argument, we can show that there exists a full rank matrix

Ao € IR7*? such that ¢(x) = Agv(z) and r < q. Thus r = g and Ay = By,

(=) 1) follows since ¢ = A~'v. 2) can be shown using the matrix refinement equation (20):

v(z) = Ag(z) = Akz_: Cu(A™V) (22 — k)

so that
N

v(z) = S (AC A v (2 — k).

k=0

12



3) follows from that fact that since each v; is a linear combination of the components of ¢,
supp (v) C supp (@) . Using a similar argument, we have supp (¢p) C supp(v) . O

Remark. It was proven in [10], Theorem 5.3, that if ¢ is compactly supported and has
linearly independent integer translates then ¢ generates a Riesz basis of L*(IR). It follows
that if ¢ satisfies the hypotheses of Theorem 3.1 and A € IR"*" is nonsingular, then v = A¢
will generate a Riesz basis of L?(IR).

Before stating a corollary of Theorem 3.1, we give an example that illustrates the results we
have reported in this section.

Example 3.2 Consider the B-spline scaling vector of Lawton, Lee, and Shen, [12], and
Goodman and Lee [9] for the space Vo = S3(Z).

The two scaling functions needed to generate Vy = S3(Z) are pictured in Figure 3.1. We
seek generators of V; that are orthogonal to each other. Using the results of Theorem 3.1, we
know that the locally linearly independent Hermite interpolants Hy(x) and Hy(x) pictured
in Figure 3.2 indeed span Vp, solve a matrix refinement equation, and are supported on [0, 2]

since l Z;Eg ] - l _11/3 1}3 ] | l g;g; ] |

uw 15 2
X

Figure 3.2.

Moreover, the matrix refinement equation satisfied by Bi(x) and By(z) is

B(:z;)zlléél ??ng(szHﬁ ;?E]B(Qx—l)—l—lé?g 194]13(21;_2).

13



The scaling vector

o= i

may be useful in applications since the scaling functions are orthogonal and possess sym-
metry/antisymmetry properties. In addition, since Goodman and Lee [9] have shown that
Bi(x) and By(x) generate a Riesz basis for V4 so that we may employ the remark following
Theorem 3.1 to prove that H also generates a Riesz basis for V4.

The following corollary resulting from Theorem 3.1 characterizes those scaling vectors for V4

that possess minimal support.

Corollary 3.3 Suppose that ¢, " € S satisfy the hypotheses of Theorem 3.1 and have
minimal support. Then

supp(@) = supp(@”) and ¢ = Ag”
for some nonsingular A € IR™™".

Proof. We need only show that Ry = Ry, for then supp(¢) = supp(¢”) since ¢, @" have
minimal support. The second conclusion then follows immediately from Theorem 3.1. From
the discussion above Theorem 3.1 and the minimal support of ¢, @™ , there is some integer

M for which
0§L¢§L¢*<1 and M—1§R¢§R¢*<M.
Since ¢~ € Vg,
¢ (x) =Y Bigle —j)

JEZ

for some matrices B;.

Using the argument given in the proof of Theorem 3.1, local linear independence, and hy-
pothesis (iii) in Theorem 3.1, we conclude that B; = 0 for j # 0, so

@"(z) = Boop(x).

Now if R, < Ry« then this equation becomes ¢* (1) = By -0 = 0 on (Ry, Rs+), which is
impossible by the definition of Ry«. Hence Ry = Ry« O.
Note that this corollary is a generalization of the single scaling function case (see [2]) where

minimally supported scaling functions are unique up to a normalization factor.

We conclude this section with an example that illustrates the necessity of the equal support
condition (iii) in Theorem 3.1.

14



Example 3.4 Consider the wavelets constructed from fractal scaling functions ¢1(x), do(x)
in [8] that satisfy the matriz refinement equation

¢(x) = [%55 _;Tiolqb(%)—l—[?i (1)](,25(2:1;—1)4—

[% _30/10]¢(2x_2)+[%§ 8]@5(21‘—3). (23)

The orthogonal scaling functions ¢, and ¢ are shown in Figure 3.3 below.

[y V 1 \7 2.5
-0.5

Figure 3.3

Note that supp (¢1) = [0,2] # supp (¢2) = [0,1]. Clearly, if ¢; and ¢, generate a Riesz
basis for Vp, then so does ¢1(x) = ¢1(x) and ¢a(z) = ¢o(x — 1). However, there exists no
invertible matrix A € IR**? such that

¢1 1
L 4.
5]
It is known that in the single scaling function setting, the number of nonzero coefficients in
the refinement equation is related to the support length of the scaling functions [2, 7]. This

relationship is more complex in the multiple scaling function case, due to the existence of
nonzero nilpotent elements of IR™*" for r > 1.

Theorem 3.5 Assume that ¢ has compact support, is locally linearly independent, and satis-
fies the hypotheses of Theorem 2.3. Furthermore, let ¢p(x) = Yn_, Cxd(2x —k), Co, Cn # 0,
Ck c RTXT.

1) If Cy is nilpotent, then supp(¢) C [0, N — 2—].

27—1
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2) If Cy is nilpotent, then supp (@) C [, N].

217
3) If neither Cy nor Cy is nilpotent, then supp(¢) = [0, N].
Proof. Assume that Cy is nilpotent. The proof for Cqy nilpotent follows analogously. Let

A be the similarity matrix that puts Cy into (real) Jordan form, and let Cj, = A'CkA,
and ¢ = A7'¢p for k =1,...r. Then

Z_: Cro(2x — (24)

Let F; be the right endpoint of the support of (,ESZ fori=1,...,r. Using the recursion formula
from Theorem 2.3, we observe that E; < N for all ;. Since Cy is lower triangular with 0’s
on the diagonal, the first row of the matrix refinement equation (24) guarantees that

1
2E1—(N—1)§N, or ElSN_§

The second row of (24) consequently yields

1 1
2E2_N§N_§7 or EQSN_Z

Proceeding in this manner, we obtain

E;<N—-27"4i=1,...r (25)

Returning to the first row of (24), we are assured by (25) and the lower triangular form of
CN that

1 2" +1
2E1—(N—1)§N—?, or EISN_W

Proceeding as before down the rows of (24), we obtain

2"+ 1
B<N-=L (26)
fore=1,...,r, or supp ((}) C [O,N — 2;1'11}
Repeating this routine a total of A" times, we have
R Zl'i_l 2]7’
supp ((ﬁ) C [0, N — ]2% : (27)

Passing to the limit yields

upp (9) g[’ 2r1—1]‘

16



Note that (,23(:1;) =0 if and only if ¢(x) = A(;S(l‘) =0, so

supp (¢) C [O,N — #] :

To prove part 3), again let A be a similarity matrix that puts Cy into(real) Jordan form,
with nonzero eigenvalues of Cy = A71Cy A in the upperleft hand corner. That is

(Ciel = [(C)igr,ita]
fore=1,2,...,r— 1.

Define ¢ and E; as in the proof of part 1), and let supp (¢1) = [a, E1], where clearly
0 <a < FE; <N by the recursion formula in Theorem 2.3.

Now supp (¢1(22 — N)) = [%, %], so the form of Cy forces
~ N+4a N+ FE
supp ((Cvo(2e — N))i) = [ 5 g 1]-

This fact, the refinement equation (24) and supp > n—, (N]k(}(Z:z;—k) C UY_,supp ((}(2:1; — k))
yield

(28)

N+ FE
By < J; L
By local linear independence this inequality becomes an equality; whence £; = N. Therefore

[a, N] C supp().
As (;3(:1;) = 0 if and only if ¢(x) = A(;S(l‘) = 0, we have

[av N] - Supp((ﬁ)'

An analogous argument with Cg yields suppe C [0,0] for some 0 < b < N, so we can
conclude that

supp (¢) = [0, N]. O

Note that in Examples 2.2 and 3.4, the Cy matrices are nilpotent and the support length of
¢ is stricly less than N — 2—1T — 1. We conclude the section with an example that illustrates
the inclusion in 1) can be an equality.

Example 3.6 Scaling vectors illustrating the support properties of Theorem 3.5 can be gen-
erated using the r x r symbols (with z = e—m/z)

1?r 1?r e 1?r 1?r
LY e e g
=i 20
I U oo /e z/r 1)r |

for M > 1.
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The eigenvector of P(0) associated with eigenvalue 1 is v = (1,1,...,1)T, and a routine
calculation shows that

lgi(w)] < [lg(w)lz2

n
== H lim H PkuHL2
k=1

n—co
. M
0o 1_|_€—2w/2k)
< |II (7
k=1 2
s v
(A e

so each ¢; € L*(IR), and in fact ¢; € CM=2)_ Note that Pys4q is nilpotent. If M > 2 and

_ | Na(x)
¢0 - [NQ(:E)
Theorem 3.5 are satisfied and supp (@) is exactly [0, M +1 — 2.

27—1

], where N3(x) is the cardinal B-spline of order 2, then the hypotheses of

The scaling functions generated when r = M = 2 are displayed in Figure 3.4 below.

Figure 3.4
Remark. After the completion of this paper, the authors learned of work by A. Cohen, I.

Daubechies, and G. Plonka (“Regularity of Refinable Function Vectors”) that overlaps with
some of the material in Section 2.
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